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Abstract

This paper presents a five-fingered
underactuated prosthetic hand controlled by
surface electromyographic (EMG) signals. The
prosthetic hand control part is based on an EMG
motion pattern classifier which combines
variable learning rate (VLR) based neural
network with parametric Autoregressive (AR)
model and wavelet transform. This motion
pattern classifier can successfully identify flexion
and extension of the thumb, the index finger and
the middle finger, by measuring the surface
EMG signals through three electrodes mounted
on the flexor digitorum profundus, flexor pollicis
longus and extensor digitorum. Furthermore, via
continuously controlling single finger's motion,
the five-fingered underactuated prosthetic hand
can achieve more prehensile postures such as
power grasp, centralized grip, fingertip grasp,
cylindrical grasp, etc. The experimental results
show that the classifier has a great potential
application to the control of bionic man-machine
systems because of its fast learning speed, high
recognition capability.

Keywords- Prosthetic Hand,
Underactuated,EMG, Neural Network, Wavelet
Transform.

l. INTRODUCTION

Up to the present, many researchers have
investigated rehabilitation systems and designed
prosthetic hands for amputees since Wiener [1]
proposed the concept of an EMG-controlled
prosthetic hand. EMG signals have often been used
as control signals for prosthetic hands, such as the
Waseda hand [2]. Since the EMG signals also
include information about force level properties of
the limb motion, Akazawa et al. [3] designed a
signal processor for estimating force from the EMG
signals. Also, Ito et al. [4] used amplitude
information of this signal as the speedcontrol
command of the prosthetic forearm. This prosthetic
forearm was controlled with three levels of driving
speeds. Most previous research on prosthetic hands
used on/off control based on EMG pattern
recognition or controlled only one particular joint,
depending on torque estimated from the EMG
signals. However, as the number of degrees of
freedom (DOF) increased, it was difficult to
discriminate the operator’s intended motion with
sufficiently high accuracy due to their nonlinear and
nonstationary characteristics. Moreover, there is a
problem that the EMG patterns are changed

according to differences among individuals,
different locations of the electrodes, and time
variation caused by fatigue or sweat. We need a new
recognition method to control the various motions of
a prosthetic hand required in daily activities. Many
studies on using EMG signals pattern recognition to
control prosthetic hands have been reported. During
the first stage of this research, linear prediction
models for EMG signals, such as the AR model,
were frequently used [5]-[9]. Graupe et al. [5]
reported on discriminating EMG signals measured
from one pair of electrodes using this model. The
EMG signals have the nature of nonlinearity and
nonstationarity, but in a short time period, the EMG
signals can be regarded as a stationary Gaussian
process and can be represented by an AR model.
Subsequent research has proposed several EMG
pattern recognition methods using neural networks
[10]-[17]. The neural networks can acquire the
nonlinear mapping of learning data. For example,
Kelly et al. [10] proposed a pattern recognition
method combining the back propagation neural
network (BPN) [18] and the Hopfield’s neural
network. This method can acquire mapping from the
EMG patterns measured from one pair of electrodes
to four motions of elbow and wrist joints. Also,
Hiraiwa et al. [11] used BPN to estimate five-finger
motion. They reported that five-finger motion, joint
torque, and angles were successfully estimated.
Huang and Chen [14] constructed several feature
vectors from the integral of the EMG, the zero-
crossing and the variance of the EMG, and eight
motions were classified using BPN. In recent years,
some researchers begin to use wavelet transform to
extract feature vectors from EMG signals. Cai and
Wang [19] used BPN together with wavelet
transform feature extraction method to classify four
forearm motions with an average accuracy of 90%.
Zhang [20] proposed a wavelet based neuro-fuzzy
approach to classify six motions of elbow, wrist
joint and hand. BPN was frequently used in previous
research. In this paper, we propose and develop a
new fivefingered underactuated prosthetic hand
system based on the EMG signals. The proposed
system uses EMG signals detected by three surface
electrodes to realize a control of the five-fingered
underactuated prosthetic hand. In many cases, some
parts of the muscles near the amputated part remain
after amputation, and the EMG signals measured
from them can be used as a control signal for our
proposed system. In order to increase the DOFs of
the prosthetic hand and its each finger, and at the
same time decrease the number of driving motors,
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we propose a new five-fingered underactuated
prosthetic hand with 3 joints per finger. Only the
thumb, the index finger and the middle finger can
move independently, the ring finger and the little
finger will move with the middle finger. In order to
realize more prehensile posture, the system has to
discriminate the EMG motion patterns with a high
degree of accuracy. The method of recognition of
EMG motion patterns, using AR model, wavelet
transform and VLR based neural network, is a key
topic of this paper. The techniques of AR model,
wavelet transform and Integral of the absolute value
of EMG signals are developed for feature extraction.
Then a VLR based neural network is applied to
discriminate the EMG motion patterns among the
feature sets. An analysis interface system based on
personal computer (PC) environment with the five-
fingered prosthetic hand has been constructed to
verify the proposed method. The experimental
results show that the recognition system has fast
learning speed, high recognition capability (training
network with only several samples of each motion).

Il. SYSTEM COMPONENTS

The components of the proposed system,
which is composed of a human operator, a five-
fingered underactuated prosthetic hand, the
prosthetic hand controller and visual feedback part.
The human operator wears three active electrodes
(Otto Bock Company Group: 13E125), which will
be digitized by an analog-to-digital (A/D) converter
(ADLINK Technology Inc. 9118HR). The active
electrodes are designed with a built-in filter and a
built-in adjustable gain, up to 10000 times stronger
than the myoelectric input signals. The five-fingered
underactuated prosthetic hand used in the bionic
man-machine control system. The prosthetic hand is
almost the same size as an adult’s hand and weighs
about 0.55 kg. This hand has five fingers, but only
the thumb, the index finger and the middle finger
are driven by three stepper motors (PORTESCAP
Corporation) separately. The three fingers from the
middle finger to the little finger are coupled. Each
finger has three joints. In the base joint of each
drivable finger, there are torque sensors and angle
sensors. The control circuit board based on DSP
(Texas Instruments: TMS320F2812) is integrated in
the palm. The underactuated prosthetic hand are the
intermediate  solution ~ between  hands  for
manipulation (versatile, stable grasps, expensive,
complex control, many actuators) and simple
grippers (simple control, few actuators, task
specific, unstable grasps) [21]. In an underactuated
prosthetic hand, the number of actuators is less than
the hand’s DOFs. The mechanical intelligence
embedded into the design of the hand allows the
automatic shape adaptation of one finger. The
underactuated DOFs are governed by springs and
mechanical limits. The prosthetic hand controller

determines the human operator’s intended motion
based on EMG pattern recognition and controls the
fingers’ movement of the prosthetic hand. The
visual feedback part displays information about the
monitored EMG signals, the muscular contraction
levels and the results of the EMG pattern
recognition. The control algorithms have been
developed on a PC (Pentium 4, 2.8G) using VC 6.0.
After expanding memory of the DSP and
simplifying the algorithm, for example, not training
neural network in the DSP, it is also possible to run
the program on DSP chip embedded in the
prosthetic hand palm. The running period will be
extended, but it will be wuseful in practical
applications. We have simplified our previous work
[22], which used two electrodes to classify three
fingers’ flexion motion, and will run it in the DSP.

I1l. CONTROL ALGORITHMS

EMG signals are used as the control signals
to control the prosthetic hand. These signals are
measured from the operator’s forearm muscles when
the operators contract their muscles to control their
finger motion. The detailed structure of the
prosthetic hand control system. In the system, the
pattern recognition is divided into two parts: feature
extraction and feature classification. Feature
extraction part extracts the measured EMG signals’
feature vectors using the method of AR parametric
model, wavelet transform and integral of EMG
signals. Feature classification part discriminates
operator’s fingers’ motion from feature vectors
using VLR based three-layer feedforward neural
network and then sends the recognition results as
control signals to the prosthetic hand motor
controller. The driving speed of the driven finger is
controlled according to force information extracted
from the EMG signals.

We consider the following anycast field
equations defined over an open bounded piece of

network and /or feature space Qc R? . They
describe the dynamics of the mean anycast of each
of p node populations.

(%Hi)vi(t,r):i [ 3,00 DSIV, (t ==, (r,7).1) =, 1T

+12(r 1),
Vilt,r)=4(tr)

t>0,1<i<p,
te[-T,0]

We give an interpretation of the various
parameters and functions that appear in (1), Q is
finite piece of nodes and/or feature space and is

represented as an open bounded set of R? . The

vector I and I represent points in Q. The
function S: R — (0,1) is the normalized sigmoid
function:

312|Page



Akash K Singh / International Journal of Engineering Research and Applications

(IJERA)

ISSN: 2248-9622

WWW.ijera.com

Vol. 2, Issue 6, November- December 2012, pp.311-339

1
2
l+e? 2

It describes the relation between the input rate V; of
population i as a function of the packets potential,
for example, V; =V, = S[o,(V, —h)]. We note
V the p— dimensional vector (V,,...,V). The

S(z)=

p function ¢,,i=l,...,p, represent the initial
conditions, see below. We note ¢ the p—
dimensional vector (¢1,...,¢p). The p function
174,i=1,...,p, represent external factors from

I ext

other network areas. We note the p—

. . ext ext

dimensional vector (I;™,...,1;%). The pxp
matrix of functions J ={J;}; ;; , represents the
connectivity between populations i and j, see

below. The p real values h,i=1..,0p,

determine the threshold of activity for each
population, that is, the value of the nodes potential
corresponding to 50% of the maximal activity. The

p real positive values o;,i=1,..., p, determine
the slopes of the sigmoids at the origin. Finally the
p real positive values |,,i=1...,p, determine

the speed at which each anycast node potential
decreases exponentially toward its real value. We

also introduce the function S :R” — RP, defined
by S(X) =[S(0y(%,~N)).....S(c, —h,))],
and the diagonal pxp matrix
L, =diag(l;,...,1,). s the intrinsic dynamics of
the population given by the linear response of data

d d
transfer. (— +1.) is replaced by (— +1.)? to use
( ™ ;) is rep y ( m 9)

d
the alpha function response. We use (EH‘) for

simplicity although our analysis applies to more
general intrinsic dynamics. For the sake, of
generality, the propagation delays are not assumed
to be identical for all populations, hence they are

described by a matrix z(r,r) whose element
T (r,l_’) is the propagation delay between

population j at r and population i at r. The

reason for this assumption is that it is still unclear

from anycast if propagation delays are independent

of the populations. We assume for technical reasons
—2

that 7 is continuous, that is 7€ C°(Q",RP®).

Moreover packet data indicate that = is not a

symmetric function i.e., rij(r,F);trij (r,r), thus

no assumption is made about this symmetry unless
otherwise stated. In order to compute the righthand
side of (1), we need to know the node potential

factor V on interval [-T,0]. The value of T is
obtained by considering the maximal delay:

= max_ 7 (rr 3
Fm i,j(r,?e@ﬁ)ru( ) ©)

Hence we choose T =17,

A. Mathematical Framework
A convenient functional setting for the non-delayed
packet field equations is to wuse the space

F = L*(Q,R") which is a Hilbert space endowed
with the usual inner product:
P
V) =2 [ MU mdr @
To give a meaning to (1), we defined the history
space C=C°([-r,,0],F) with

|4 =sup,g_.. o |A(t)|F, which is the Banach
phase space associated with equation (3). Using the

notation V,(0) =V (t+60),0 €[-7,,,0], we
write (1) as
VO=-LYO+LSM)+I"0. (g
V, =¢eC,
Where
P — o

[ ICNg(r,—(,r)dr
Is the linear continuous operator satisfying

||L1||S||J 202 peey - NoOtice that most of the

papers on this subject assume €2 infinite, hence
requiring 7,,, = .

Proposition 1.0 If the following assumptions are
satisfied.

1. Jel’(Q%RPP),

2. Theexternal current 1% € C°(R, F),

3. TECO(QZ,REXP),SUpETSTm.
Then for any ¢ € C, there exists a unique solution
V € C*([0,), F) nC°([-7,,,%, F) to (3)

Notice that this result gives existence on R, finite-

time explosion is impossible for this delayed
differential equation. Nevertheless, a particular
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solution could grow indefinitely, we now prove that
this cannot happen.

B. Boundedness of Solutions
A valid model of neural networks should only
feature bounded packet node potentials.

Theorem 1.0 All the trajectories are ultimately
bounded by the same constant R if

I = Max, - ¥ (t)HF <
f:RxC—>R" as

1d|V]
2 dt

defined
F(LV) = (LW, (0)+ LSV + 1OV (), =

=1,..p i

FEV) <IVOI + (IR 3] + DIV O,

Thus, if

We note | = min,

(@R[N | de o
ol 22 Pk 2 < B2 s

Let us show that the open route of F of center 0
and radius R, B, is stable under the dynamics of
equation. We know that V (t) is defined for all
t>0s and that f <O on 0By, the boundary of
Br, . We consider three cases for the initial
condition  V,. If "VO”C <R and  set
T =sup{t| Vs €[0,t],V(s) € B_R} Suppose
that T € R, then V (T) is defined and belongs to

BR, the closure of BR, because BR is closed, in

effect to 0By, we also have

d
VI k= TV <=5 <0

V (T) € 0B,. Thus we deduce that for & >0 and

because

small enough, V(T +¢&) eB_R which contradicts
the definition of T. Thus T ¢ R and B_R is stable.

Because f<0 on 0B,V (0) € 0B, implies
that Vt >0,V (t) € B; . Finally we consider the
case  V(0)e CB_R
vt>0,V(t) ¢ B_R, then

Suppose that

vi>0 SVE<20 ms VO s

monotonically decreasing and reaches the value of R
in finite time when V(t) reaches OBg. This

contradicts our assumption. Thus
aT >0|V(T) eBs..

Proposition 1.1 : Let S and t be measured simple

functions on X for E&cM, define

$(E) = sdu ®

Then ¢ isameasureon M .
jx(s+t)dy:jxsdy+jxtdy )
Proof : If s and if E, E,,... are disjoint members

of M whose union is E, the countable additivity
of 4 shows that

HE) =Y (A NE) =YY u(ANE,)

=3 Y auhnE) = 3 HE)

Also, ?(#) =0, 55 that  is not identically oo .
Next, let S be as before, let B,..., B, be the

distinct values of tand let B; ={x:t(x) = B;} If

'[Eu (s+t)du = (e + B))u(Ey)

and IE.. Sd,u+IE td = ailu(Eij)-'-ﬂj/'l(Eij)

Thus (2) holds with E; in place of X . Since X
is the disjoint union of the sets
E; @<i<nl<j<m), the first half of our
proposition implies that (2) holds.

Theorem 1.1: If K is a compact set in the plane
whose complement is connected, if f is a
continuous complex function on K which is
holomorphic in the interior of , and if £ >0, then
there exists a polynomial P such that
|f(Z) = P(Z)| < ¢ forall ZeK If the interior of
K is empty, then part of the hypothesis is vacuously
satisfied, and the conclusion holds for every
feC(K). Note that K need to be connected.

Proof: By Tietze’s theorem, f can be extended to

a continuous function in the plane, with compact
support. We fix one such extension and denote it

again by f . For any 6 >0, let @(5) be the
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supremum of the numbers | f(z,)— f(Zl)| Where

Z, and Z, are subject to the condition

|Z2 —Zl| <. Since f is uniformly continous, we

have lima(5)=0 (@) From now on,
60

O will be fixed. We shall prove that there is a
polynomial P such that

|f(2)-P(2)|<10,000 (5) (z¢K)  (2)

By (1), this proves the theorem. Our first objective
is the construction of a function ®&C_(R?), such
that for all z
| f(2) —CD(Z)| < w(0), 3)
20(0

(eo)@)] <222, @)
And

1 ¢p (0D .

o@)=—~[[Pgeay  g-cvip, @
Ty (-1

Where X is the set of all points in the support of
@ whose distance from the complement of K does not
O . (Thus X contains no point which is “far within” K
) We construct @ as the convolution of f with a

smoothing function A. Put a(r) =0 if r > J, put

2

a(r) = (1— e

And deflne
A(z)=a(|z)) (7)

For all complex Z . It is clear that AcC_(R?). We

0<r<s), (6)

claim that
j j A=1, @)
j OA =0, 9)

(10)

m “155 5

The constants are so adjusted in (6) that (8) holds.
(Compute the integral in polar coordinates), (9)
holds simply because A has compact support. To

compute (10), express OA in polar coordinates, and
oA
note that é 0=

a%r:_

Now define
©(2) = [[ f (2O AdEdn = [[ A=) f (O)dédn

Since f and A have compact support, so does @
. Since

®(z)- f(2)
= [[If(z-0) - T (@A) dedn (12)

And A($) =0 if [¢]> 6, (3) follows from (8).

The difference quotients of A converge boundedly
to the corresponding partial derivatives, since

AeCé(RZ) . Hence the last expression in (11) may

be differentiated under the integral sign, and we
obtain

(00)(2) = [[ @A) (z-¢) F()d ¢y
= [[ fz- @A) ¢dedn
= [[1f @-0)- t @A) )dedn

The last equality depends on (9). Now (10) and (13)
give (4). If we write (13) with @, and @, inplace
of oD, we see that @ has continuous partial
derivatives, if we can show that 0P =0 in G,

where G is the set of all zeK whose distance

from the complement of K exceeds ¢. We shall do
this by showing that

O(z)=1(z) (z¢G); (14

Note that of =0 in G, since f is holomorphic
there. Now if z&G, then z—¢ is in the interior of
K for all ¢ with |é’|<5. The mean value

property for harmonic functions therefore gives, by
the first equation in (11),

()= [ a(ryrdr [ £ (z-re")do
=2;rf(z)f06a(r)rdr = 1@)[[A=1(2)

Forall Zz £ G , we have now proved (3), (4), and

(5) The definition of X shows that X is compact
and that X can be covered by finitely many open

discs D,,...,D,, of radius 25, whose centers are

notin K. Since S? — K is connected, the center of
each Dj can be joined to o by a polygonal path in

S?2—K . It follows that each Dj contains a
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compact connected set Ej, of diameter at least
20, so that Sz—Ej is connected and so that
KNE;=¢. with r=25. There are functions

2
g;6H(S" —E;) and constants b; so that the
inequalities.

50
Qi(¢.2)[ <= (16)
Q,(¢10)- 1| < 0005 a7)
2-¢| " |z-¢]
Hold for z ¢ EJ. and { € Dj, if
Q,(£.2)=0,(2)+(-b)gi(@)  (18)

Let Q be the complement of E; U...E,. Then

Q is an open set which contains K. Put
X, =XnNnD and
X;=(XNnD;)-(X,u..uX,,), for
2<)<n,
Define
R(£.2)=Q;(¢,2)  (deX;,z6Q) 19)
And
F(2) == [[(eO)OR(&, Ddcdn  (20)
7 X
(z £ )
Since,

]

F@) -2 [[e0OR € Ddedn, (2

(18) shows that F is a finite linear combination of
the functions g; and gjz. Hence FeH(Q). By
(20), (4), and (5) we have

2w(0)
|F(z)—c1>(z)|<7jxj| R($,2)

—jdedy (o) (22)

z2-¢
Observe that the inequalities (16) and (17) are valid
with R in place of Q; if £ & X and Z & Q.

Now fix Z & Q., put & =7+ pe”, and estimate
the integrand in (22) by (16) if p <40, by (17) if

46 < p. Theintegral in (22) is then seen to be less
than the sum of

21" 20, 1) 4580825 (23)
0 5 p
And
~ 4,00057
2

21 od p = 2,00075. (24)

45
Hence (22) yields
|F(2) - ®(2)| < 6,0000/(5) (z Q)
Since FeH(Q),KcQ, and S*—K s
connected, Runge’s theorem shows that F can be
uniformly approximated on K by polynomials.
Hence (3) and (25) show that (2) can be satisfied.
This completes the proof.

Lemma 1.0 : Suppose f&C_(R?), the space of all

continuously differentiable functions in the plane,
with compact support. Put

a:l(ﬁnij 0
2\ ox oy

Then the following “Cauchy formula” holds:
1 (@f)(©)
f(2)=—= [[X22A5 24 g
(2)=--— j ] A Al
(§=c+in) (2)

Proof: This may be deduced from Green’s theorem.
However, here is a simple direct proof:

put (r,0) = f(z+re"?), r>0, 6 real
If £ =2z+re", the chain rule gives

1,/ ia
(af)(é)zae {—+F£}p(r,«9) 3

or

The right side of (2) is therefore equal to the limit,
as &€ >0, of

1¢ep27(O0p 1 0@
— —+—— dadr 4
RN

For each r>0,¢ is periodic in &, with period

27 . The integral of 0@/ 00 is therefore 0, and
(4) becomes

1 2z ooago 1 eorn
2 "ae[ " Par= > 0o
27 %0 J or 272"[0 v(2,0)

As £ >0, ¢(g,0) — T(z) uniformly.  This

gives (2)
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It X“ea and X’ ek[X,..X,] . then

X“X?=X*Pca , and so A satisfies the
condition (*) . Conversely,

e, XD dX) = e, d X

aeA B’ ap

(finite sums),

and so if A satisfies (*) , then the subspace

generated by the monomials X“,a@ €a , is an
ideal. The proposition gives a classification of the

monomial ideals in k[Xl,...Xn]: they are in one
to one correspondence with the subsets A of [J s
satisfying (*) . For example, the monomial ideals in
k[X] are exactly the ideals (X"), n>1, and the
zero ideal (corresponding to the empty set A). We
write <X“ | e A> for the ideal corresponding to
A (subspace generated by the X, € a).

LEMMA 1.1. Let S be a subset of [1 ". The the
ideal a generated by X“, € S is the monomial
ideal corresponding to

f
Ad:{ﬁeD "|B-ael", someaeS}
Thus, a monomial is in a if and only if it is
divisible by one of the X, €| S

PROOF. Clearly A satisfies (*) , and
ac<Xﬁ | B e A> . Conversely, if fe€ A, then
aeS , and

X? =X*X? % ca. The last statement follows
from the fact that X | X? < B—aell". Let

f-ael” for some

Acl” satisfy (*) From the geometry of A, it
is clear that there is a finite set of elements
S ={0¢l,...as} of A such that

A={ﬂeD "|B—a, €ll?, some « eS}

(The ;'S are the corners of A ) Moreover,
df
a:<X”‘ |a e A> is generated by the monomials

X% a €8S.

DEFINITION 1.0. For a nonzero ideal a in
k[Xl,...,Xn], we let (LT(a)) be the ideal
generated by

(LT(f)| f ca)

LEMMA 1.2 Let @ be a nonzero ideal in
K[Xy,.. X,]: then (LT(@)) is a monomial
ideal, and it equals (LT(9Q,),...,LT(g,)) for
some §,,...,0, €4d.

PROOF. Since (LT (a)) can also be described as

the ideal generated by the leading monomials (rather
than the leading terms) of elements of a .

THEOREM 1.2 Every ideal a in
k[Xl,...,Xn] is finitely generated; more
precisely, 8 =(9,,...,d,) where 0,,..., J, are any
elements of a whose leading terms generate
LT(a)

PROOF. Let f €a. On applying the division
algorithm, we find

f=a0 +..+8,0,+r,
, Where either r =0 or no monomial occurring in
any LT(g,) . But
r:f—Zaigiea : and
LT(r)eLT(a)=(LT(q,),...,LT(9,)) ,
implies that every monomial occurring in I is
divisible by one in LT(g;). Thus r=0, and

ge(9,-0,).

it is divisible by

therefore

DEFINITION 1.1 A finite  subset
S={g1,|...,gs} of an ideal a is a standard (

(Gr 6bner) bases for a if

(LT(g,),...,LT(9,)) =LT(a). In other words,

S is a standard basis if the leading term of every
element of a is divisible by at least one of the

leading terms of the g, .

THEOREM 13  The ring K[X,,..., X,] s
Noetherian i.e., every ideal is finitely generated.

PROOF. For n=1, K[X] is a principal ideal
domain, which means that every ideal is generated
by single element. We shall prove the theorem by
induction on n . Note that the obvious map

K[X,, .. X X, ] = KX, .. X ] is  an
isomorphism — this simply says that every
polynomial f in n variables X,,..X, can be

expressed uniquely as a polynomial in X with
coefficients in K[X,,..., X, ]:
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F(XpoX,) =8y (Xy o X )X +ota (X, X )

Thus the next lemma will complete the proof

LEMMA 1.3. If A is Noetherian, then so also is

AlX]

PROOF. For a polynomial

f(X)=a,X"+a X" +..+a, aeA a0,

I is called the degree of f , and @, is its leading
coefficient. We call O the leading coefficient of the
polynomial 0.  Let a be an ideal in A[X]. The
leading coefficients of the polynomials in a form

an ideal @ in A, and since A is Noetherian, @
will be finitely generated. Let {,,...,d, be
elements of a whose leading coefficients generate

a , and let I be the maximum degree of g;. Now
let f €@, and suppose f has degree s> r, say,
f =aX®+... Then @€ a , and so we can write
a= Zb'ai’ b €A,

a, =leading coefficient of g,
Now

f—>bgX ",
< deg(f) . By continuing in this way, we find that
f=f mod(g,,...9,,) With f a
polynomial of degree t <r For each d <r, let

. =deg(g;), has degree

a, be the subset of A consisting of 0 and the
leading coefficients of all polynomials in a of
degree d; it is again an ideal in A . Let

O41s-- 9y m, De polynomials of degree d whose

leading coefficients generate &, . Then the same

argument as above shows that any polynomial fd in
a of  degree d can be  written
fo=Toy mod(gy,--Gam,) With fy
of degree <d-—1. On applying this remark
repeatedly we find that
f.e(9,4:.--0 m '---90,11---go,m0) Hence

fi (9900 ra10Gram 1 Gogreen go,mo)

and so the polynomials g,,..., g, , generate a

One of the great successes of category
theory in computer science has been the
development of a “unified theory” of the
constructions underlying denotational semantics. In

the untyped A -calculus, any term may appear in
the function position of an application. This means
that a model D of the A -calculus must have the
property that given a term t whose interpretation is

d e D, Also, the interpretation of a functional
abstraction like AX . X is most conveniently
defined as a function from DtoD , which must
then be regarded as an element of D. Let

78 [D - D] — D be the function that picks out
elements of D to represent elements of [D — D]

and ¢: D —)[D — D] be the function that maps

elements of D to functions of D. Since w(f) is
intended to represent the function f as an element
of D, it makes sense to require that @(y(f)) = f,
that is, 1//0!//=id[ Furthermore, we often

D—D]

want to view every element of D as representing
some function from D to D and require that
elements representing the same function be equal —
that is

v (p(d)) =d
or
wog=id,

The  latter  condition is called
extensionality. These conditions together imply that

gand i are inverses--- that is, D is isomorphic to

the space of functions from D to D that can be the
interpretations of  functional abstractions:

D;[D—) D] .Let us suppose we are working
with the untyped A —calculus , we need a solution
ot the equation D = A+[D—) D], where A is

some predetermined domain containing
interpretations for elements of C. Each element of
D corresponds to either an element of A or an

element of [D — D], with a tag. This equation
can be solved by finding least fixed points of the
function F(X)= A+[X - X] from domains to
domains --- that is, finding domains X such that
Xz A+[X - X], and such that for any

domain Y also satisfying this equation, there is an
embedding of Xto Y --- a pair of maps

f
X D Y
fR
Such that
fRof =id,
foffcid,
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Where f < g means that f approximatesg in

some ordering representing their information
content. The key shift of perspective from the
domain-theoretic to the more general category-
theoretic approach lies in considering F not as a
function on domains, but as a functor on a category
of domains. Instead of a least fixed point of the
function, F.

Definition 1.3: Let K be a category and
F:K — K as a functor. A fixed point of F is a
pair (Aa), where A is a K-object and

a:F(A) > A is an isomorphism. A prefixed
point of F is a pair (A,a), where A is a K-object and
a is any arrow from F(A) to A
Definition 1.4 : An w—chain in a category K isa
diagram of the following form:

Recall that a cocone x of an @—chain A is a K-
object X and a collection of K -arrows

{£6:D, > X |20} such that g4 = 44,0
for all i >0. We sometimes write ££: A — X as
a reminder of the arrangement of ££'S components
Similarly, a colimit z: A — X is a cocone with

the property that if v:A — X is also a cocone
then there exists a unique mediating arrow

k:X — X such that for all i >0,, v, =k 0, .
Colimits of @w—chains are sometimes referred to
as w—colimits. Dually, an ®*® —chain in K is

a diagram of the following form:

A=D,¢D ¢« Dy¢—... N caff®
(X > A of an @™ —chain A is a K-object
X and a collection of K-arrows {ui :D, |i20}

such that for all i >0, sz =f 0 ,. An @ -
limit of an @™ —chain A isacone z: X —> A

with the property that if V. X > Aisalsoa cone,
then there exists a unique mediating arrow

k:X — X such that for all i >0, 0k =v, .

We write L, (or just L) for the distinguish initial

object of K, when it has one, and 1—> A for the

unique arrow from L to each K-object A. It is also
f; f,

convenient to writt A" =D,—3D, 3. to

denote all of A except D, and f,. By analogy,

pis {44 ]i>1}. For the images of A and u

under we write
F(f) F(f) F(f;)

F(A) = F(Do)_)F(Dl)_)F(DZ)_) .....

and F(u) ={F (14)|i >0}

We write F' for the i-fold iterated composition of

F - that is,

Fo(f)=f,F'(f)=F(f),F*(f)=F(F(f))
,etc. With these definitions we can state that every

monitonic function on a complete lattice has a least
fixed point:

Lemma 1.4. Let K be a category with initial object
1 and let F:K — K be a functor. Define the
@—chainA by
U—>F (L) F(L—>F (1)) FZ(!LHF(L))

A=l SF) F2(L1) >
If both 2:A— D and F(w):F(A)— F(D)
are colimits, then (D,d) is an intial F-algebra, where
d:F(D)—> D is the mediating arrow from

F () tothe cocone p-

Theorem 1.4 Let a DAG G given in which each
node is a random variable, and let a discrete
conditional probability distribution of each node
given values of its parents in G be specified. Then
the product of these conditional distributions yields
a joint probability distribution P of the variables,
and (G,P) satisfies the Markov condition.

Proof. Order the nodes according to an ancestral
ordering. Let X, X, X, be the resultant
ordering. Next define.

P(Xl’XZ""'Xn) = P(Xn | pan) P(Xn—1| Pan—l)"'

P(x, | pa,)P(x | pa,),
Where PAis the set of parents of X;of in G and

P(x: | pa;) is the specified conditional probability

distribution. First we show this does indeed yield a
joint probability distribution. Clearly,

O0<P(X,X,,...X,)<1 for all values of the

variables. Therefore, to show we have a joint
distribution, as the variables range through all their
possible values, is equal to one. To that end,
Specified  conditional  distributions are the
conditional distributions they notationally represent
in the joint distribution. Finally, we show the
Markov condition is satisfied. To do this, we need

show for 1<Kk <n that
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whenever
P(pa )=0,if P(nd, |pa,)= 0
and P(x, |pa)=0
then P(Xk |ndk1 pak) = P(Xk | Pay ),
Where ND, is the set of nondescendents of X, of
in G. Since PA, = ND, , we need only show

P(x, |nd,) = P(x,| pa,). First for a given Kk,
order the nodes so that all and only nondescendents
of X, precede X, in the ordering. Note that this

ordering depends on K , whereas the ordering in the
first part of the proof does not. Clearly then

ND, = {Xl,XZ,....XH}
Let
Dk > {Xk+l’ Xk+2""'Xn}

follows Zd
k

We define the m" cyclotomic field to be the field

Q[X]/(CDm(X)) Where @_(X) is the m"

cyclotomic polynomial. Q[X]/(CDm(X)) @, (x)

has degree @(m)over Q since @, (X) has degree

@(m). The roots of @ (X) are just the primitive

m™ roots of unity, so the complex embeddings of

Q[X] [ (@, (x)) are simply the @ (M) maps

o Q[x]/ (@, (X))~ C,

1<k =<m,(k,m)=1,
o () =&y,

& being our fixed choice of primitive m™ root of

where

unity. Note that fnk] e Q(&,,) for every k; it follows

that Q(&,) = Q(EX) for all K relatively prime to
m . In particular, the images of the o; coincide, so

Q[X]/(CDm(X)) is Galois over Q . This means
that we can write Q(&,) for Q[x]/(®, (X))

without much fear of ambiguity; we will do so from
now on, the identification being &, > X. One

advantage of this is that one can easily talk about
cyclotomic fields being extensions of one another,or
intersections or compositums; all of these things
take place considering them as subfield of C. We
now investigate some basic properties of cyclotomic
fields. The first issue is whether or not they are all
distinct; to determine this, we need to know which

roots of unity lie in Q(&.,) .Note, for example, that

if mis odd, then —&, is a 2m" root of unity. We
will show that this is the only way in which one can
obtain any non- m™ roots of unity.

LEMMA 15 If m divides n, then Q(&,) is

contained in Q(&,)

n
PROOF. Since 5/“ =&, we have &, €Q(&,),
so the result is clear

LEMMA 1.6 If mand n are relatively prime, then

QSn:61)=Q(Sim)
Q(5n)NQ(5)=Q

(Recall the Q(&,,&,) is the compositum of

Q(¢&,) and Q(<,) )

and

PROOF. One checks easily that & & is a primitive
mn™ root of unity, so that

Q(Sm) = Q& 40)

[Q(&.6.): Q] <[Q(&,): Q][Q(&, : Q]

= p(m)e(n) = p(mn);

Since [Q(fmn):Q]=(p(mn); this implies that
Q(gm’ézn):Q(é:nm) We knOW tha‘t Q(gm’gn)

has degree @(mn) over Q, so we must have

[Q(&,: &)1 Q&) ] = ()

and

[Q&,. &) : Q&) = p(m)

[Q(&,): Q&) NQ(&,)] = p(m)
And thus that Q(&,) N Q(&,)=Q

PROPOSITION 1.2 For any m and n

Q& £)=Q&,)

And
Q(&,) NQ(&)=Q(&nn):5

here [m, n] and (m,n) denote the least common

multiple and the greatest common divisor of m and
N, respectively.
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PROOF. Write m=pf.....p5 and p*....p*
where the [; are distinct primes. (We allow
e, or f,to be zero)

Q&,)=Q(,.)Q, .)-Q(E, )

and

Q(5,)=Q(5,)Q(¢, »)--Q(s, )

Py ) Pk
Thus

Q& )=Q(E )R, ), )-QE, 1)

P2 Py

=Q(E,)QE,)-Q(, )RS, )
= Q(§ maX(q,fl)) """" Q(gplmaX(Ek,fk))
- Q(g maxe1f1 plmax(ek,fk))

= Q(ég[m,n])a

An entirely similar computation shows that

Q(&,)NQ(&,) = Q(ég(m,n))

Mutual information measures the information
transferred when X; is sent and Y; is received, and
is defined as

P(S
I(Xi’ yi):|092

)
LY it M
(%)
In a noise-free channel, each Y; is uniquely
connected to the corresponding X, , and so they

constitute an input —output pair (X;, ;) for which

POy )=Land 1(x,y,)=log, o bis

that is, the transferred information is equal to the
self-information that corresponds to the input X; In

a very noisy channel, the output Y;and input X
would be completely uncorrelated, and so

p(%):P(xi) and also 1(x;,y;)=0; that is,
i

there is no transference of information. In general, a
given channel will operate between these two
extremes. The mutual information is defined
between the input and the output of a given channel.
An average of the calculation of the mutual
information for all input-output pairs of a given
channel is the average mutual information:

X
P("
(yj

P(x)

I(X'Y):ZP(Xiij)I(Xi’yj):ZP(Xiij)IOgZ

bits per symbol . This calculation is done over the
input and output alphabets. The average mutual
information. The following expressions are useful
for modifying the mutual information expression:

P(x.3,)= PCY;, P(Y,) = PCP(L)
()= X P4 IP(X)
Px) =X PO, IP(Y,)

Then

106,Y) =Y P (3. )

=>P(x,,y.)log,
Z (X, Y;)log [P( J

DULRAL::S -
P

P(x,y)l
Z (X, Y,;)log, {P( )}

-3[r oo

3 P(x)log, - = H(X)

P(x)
1(X,Y) = H(X)=H(*()
Where
HXG) =D, PO, y))log, —— s

P(" )

usually called the equivocation. In a sense, the
equivocation can be seen as the information lost in
the noisy channel, and is a function of the backward
conditional probability. The observation of an

output symbol Y; provides H (X)—H ()%) bits

of information. This difference is the mutual
information of the channel. Mutual Information:
Properties Since

PO, P =PC Y OP(X)

The mutual information fits the condition

L(X,Y)=I(Y,X)
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And by interchanging input and output it is also true
that

1(X,Y)=HY)=H("A)

Where
H(Y) = ZP(y)Iogz P( )

ThIS last entropy is usually called the noise
entropy. Thus, the information transferred through
the channel is the difference between the output
entropy and the noise entropy. Alternatively, it can
be said that the channel mutual information is the
difference between the number of bits needed for
determining a given input symbol before knowing
the corresponding output symbol, and the number of
bits needed for determining a given input symbol
after knowing the corresponding output symbol

_ _H(X
1(X,Y) = H(X)-H(*4)
As the channel mutual information expression is a

difference between two quantities, it seems that this
parameter can adopt negative values. However, and

is spite of the fact that for some y;,H (X /'y;)

can be larger than H (X)), this is not possible for
the average value calculated over all the outputs:

P( )
P(x.Y;)
Z (|'y) gZ P(XI)P(yJ)

> P05y, log, —

Then
—1(X,Y) =2 P(x, yj)% <

Because this expression is of the form
M
> Rlog, () <0

The above expression can be applied due to the
factor P(X;)P(Y;), which is the product of two

probabilities, so that it behaves as the quantity Q,,
which in this expression is a dummy variable that
fits the condition Zi Q <1. It can be concluded

that the average mutual information is a non-

negative number. It can also be equal to zero, when

the input and the output are independent of each

other. A related entropy called the joint entropy is
defined as

1

H(X,Y) =2 P(x,y))log, 5———~

;j: ! 2 P(XH y])

P(x)P(y;)

=) P(x,y;)log, ————=

; ! ’ P(x.Y;)

1
+izj: P(Xilyj)IOQZW

Theorem 1.5: Entropies of the binary erasure
channel (BEC) The BEC is defined with an alphabet
of two inputs and three outputs, with symbol
probabilities.

P(x)=«a and P(x,)=1-a, and transition
probabilities
P(Ys; )=1-p and P(%2)=0,
2 1
and P(¥3 ()=0

and P(ylx )=p
2

and P(%):l—p
2

Lemma 1.7. Given an arbitrary restricted time-
discrete, amplitude-continuous channel whose

restrictions are determined by sets F, and whose
density functions exhibit no dependence on the state
s, let nbe a fixed positive integer, and P(X) an
arbitrary probability density function on Euclidean
n-space. p(y|x)  for  the  density

Po(Yasos Yo [ %%, ) and F for B
real number a, let
{(x y):log p()(/l))>a} (1)

Then for each positive integeru ,
(u,n, A) such that

A<ue +P{(X,Y) ¢ Al+P{X ¢ F}

For any

there is a code

Where
P{(X,Y)e A}:L...j p(x, y)dxdy,
and

p(x,y) =

P{X eF} I Ip(x)dx

Proof: A sequence x® e F such that
P{YeA, |X=x"}>1-¢
X

where A ={y:(x, y)eA};
Choose the decoding set B, to be Ax(l, . Having
chosen X ,........ X Y and By,...,B,_, , select

x* e F such that
k-1

P{Y eAwn-JBIX = x<k>}21—g;
i=1

k-1
Set B, = A _Ui:1 B, , If the process does not
terminate in a finite number of steps, then the
sequences X" and decoding sets B, 1=1,2,...,u

form the desired code. Thus assume that the process
terminates after t steps. (Conceivably t=0). We
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will show t>u by  showing that
e<te+P{(X,Y)2 Aj+P{X eF} . we
proceed as follows.

Let
BZUtjlej. (If t=0, take B=4¢). Then
P{(X.Y)eAl= [ p(xy)dxdy
(x,y)eA

=[p() [ plylx)dydx

X yeA
= j p(x) [ p(ylx)dydx+ j p(x)

yeBNA,

C. Algorithms

Ideals. Let A be aring. Recall that an ideal a in A
is a subset such that a is subgroup of A regarded as a
group under addition;

aca,reA=racA

The ideal generated by a subset S of A is the
intersection of all ideals A containing a ----- it is
easy to verify that this is in fact an ideal, and that it

consist of all finite sums of the form Zrisi with
rreAs €S. When S ={Sl, ..... ,Sm}, we shall
write (S;,....., S,,) for the ideal it generates.

Let a and b be ideals in A. The set
{a+b| aea,beb} is an ideal, denoted by
a+b . The ideal generated by
{ab|aea,beb} is denoted by ab . Note that
ab canb. Clearly ab consists of all finite sums
Za,-bi with & €a and b eb , and if

a=(a,..,a,) and b=(b,..,b) , then
ab= (aibl ab;,...,a,b,) .Let @ be an ideal

of A. The set of cosets of ain Aformsaring A/a
, and ar>a+a is a homomorphism

¢:Ar> Ala. The map b= ¢~ (b) is a one to
one correspondence between the ideals of A/a
and the ideals of A containing @ An ideal p if
prime if p#A and abe p=aecp orbep.
Thus p is prime if and only if A/ p is nonzero
and has the property that
ab=0, bz#0=a=0, ie, A/pis an
integral domain. An ideal m is maximal if m# A
and there does not exist an ideal N contained

strictly between m and A. Thus m is maximal if
and only if A/ m has no proper nonzero ideals, and

so is a field. Note that m maximal = m prime.
The ideals of Ax B are all of the form axb, with
a and b idealsin A and B. To see this, note that
if C is an ideal in AxB and (a,b) ec, then
(a,0)=(a,b)(1,0)ec and
0,b)=(a,b)(0,) ec . This shows that
c=axb with

={a|(a,b)ec some beb}
and

={b|(a,b)ec some ac a}

Let A bearing. An A-algebraisaring B together
with a homomorphism i;:A—>B . A
homomorphism of A -algghra B—C is a
homomorphism of rings @:B —C such that
@(i;(a))=i.(a) for all ac A. An A-algebra
B is said to be finitely generated ( or of finite-type
over A) if there exist elements X,..., X, € B such
that every element of B can be expressed as a
polynomial in the X; with coefficients in i(A) , i.e.,
X,]—>B

sending X; to X; is surjective. A ring

such that the homomorphism A[Xl,...,

homomorphism A — B is finite, and B is finitely
generated as an A-module. Let K be a field, and let
Abe a K -algebra. If 10 in A, then the map
k — A is injective, we can identify K with its
image, i.e., we can regard K as a subring of A . If
1=0inaring R, the R is the zeroring, i.e., R= {0}
. Polynomial rings. Let K be a field. A monomial
in X,,..,X
Xlal...Xr?",

monomial is Zai . We sometimes abbreviate it by
X%, o= (g
polynomial ring k[X1

=¥
ZC X Caa ek, a; ell

With the obvious notlons of equality, addition and
multiplication. Thus the monomials from basis for

K[Xy-.n
K[Xy.n

units in it are the nonzero constant polynomials. A
polynomial f(X,,..., X) is irreducible if it is
nonconstant and has only the obvious factorizations,
e, f=gh=g or h is constant. Division in

, IS an expression of the form

a; € N . The total degree of the

a,)ell" The elements of the

,...,Xn] are finite sums

Xn] as a K -vector space. The ring

Xn] is an integral domain, and the only
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k[X]. The division algorithm allows us to divide
a nonzero polynomial into another: let f and g be

polynomials in k[X]with g # 0; then there exist

unique polynomials q,rek[X] such that

f =qg +r with either r=0 or degr < degg.
Moreover, there is an algorithm for deciding
whether f €(g) , namely, find r and check

whether it is zero. Moreover, the Euclidean
algorithm allows to pass from finite set of

generators for an ideal in k[X] to a single

generator by successively replacing each pair of
generators with their greatest common divisor.

(Pure) lexicographic ordering (lex). Here
monomials are ordered by lexicographic(dictionary)

order. More precisely, let o =(&,...a,) and
p=(,..b) be two elements of 0" ; then
a>f and X* > X” (lexicographic ordering) if,
in the vector difference o — 3 €[], the left most
nonzero entry is positive. For example,
XY?>Y3%Z% X3?2Z%>X3?Z . Note that
this isn’t quite how the dictionary would order them:
it would put XXXYYZZZZ after XXXYYZ .
Graded reverse lexicographic order (grevlex). Here
monomials are ordered by total degree, with ties
broken by reverse lexicographic ordering. Thus,

a>p ifZai >Zb|,or Zai:Z:bI and in

o — [ the right most nonzero entry is negative. For
example:

XY*zZ"> X°y°z* (total degree greater)
XY®Z% > X*%Z3, X°YZ > X*YZ*?

Orderings on k[Xl,...Xn] . Fix an ordering on
the monomials in K [Xl, ...Xn]. Then we can write

an element f of k[Xl,...Xn] in a canonical

fashion, by re-ordering its elements in decreasing
order. For example, we would write

f =4XY?Z +4Z% -5X°+7X?Z?

as

f=—5X°+7X2Z2 +4XY2Z +4Z° (lex)
or

f =4XY?Z +7X?Z%-5X%+4Z% (grevlex)

Let Zaaxaek[xl,...,xn] , in decreasing
order:

f =aa0X“° +, X%+,

Then we define.

e The multidegree of f to be multdeg( f )=

ay;
e The leading coefficient of f to be LC( f
=28,
e The leading monomial of f to be LM( f )
= Xao .
e The leading term of f to be LT( f ) =
a, X“
0
For the polynomial f =4XY?Z +..., the

multidegree is (1,2,1), the leading coefficient is 4, the
leading monomial is XY 2Z , and the leading term is
4XY?Z . The division algorithm in k[Xl,...Xn].

Fix a monomial ordering in [ 2 Suppose given a
polynomial f and an ordered set (g,,...0,) of
polynomials; the division algorithm then constructs
polynomials @&,,..a, and I such  that

f =a,0,+..+a,0,+r Whereeither r =0 or no
monomial in I is divisible by any of
LT(9,),...,LT(9,) Step 1: If LT(g,)|LT(f),

divide g, into f to get
LT(f)
i-= h, =—=ek|[X,..,X
ag, + a LT(gl)e [X, N

If LT(g,)|LT(h) , repeat the process until
f =a,0,+ f, (different &, ) with LT(f,) not
divisible by LT (Q,). Now divide g, into f,, and
f=a0,+...+a0,+  With
LT(r,) not divisible by any LT(g,),...LT(9,)
Step 2: Rewrite I, = LT (I;)+T,, and repeat Step
1 with r, for f

(different

a,'S') Monomial ideals. In general, an ideal a

will contain a polynomial without containing the
individual terms of the polynomial; for example, the

ideal a=(Y?=X?%) contains Y?—X? but not
Y% or X3,

so on, until

f=a0+..+a,0,+LT(r) +1,

DEFINITION 1.5. An ideal a is monomial if
Y X“ea=>X"ea
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all ¢ with ¢, #0.
PROPOSITION 1.3. Let a be a monomial ideal,

and let A={a| X“e a}. Then A satisfies the
condition a € A, fell"=>a+fe (*)
And a is the K -subspace of k[Xl,..., Xn]
generated by the X, € A. Conversely, of A is
a subset of [J " satisfying (*) then the k-subspace
a of K[X,,.., X,] generated by {X“ |aeA}

is a monomial ideal.

PROOF. It is clear from its definition that a
monomial ideal a is the K -subspace of
K[Xy0o X, ]

generated by the set of monomials it contains. If
a B
X Eaand X ek[Xl,...,Xn].

If a permutation is chosen uniformly and at random
from the n! possible permutations in S, then the
counts CJ(”) of cycles of length j are dependent
random variables. The joint distribution of
C®=™,..,C™) follows from Cauchy’s
formula, and is given by

P[C® _c]_—N n,c)= {ch _n}H J ci Ly

it

forcell”.

Lemmal.7 For nonnegative integers

m,_ M,

E[f[(c}"))[m}: ]‘[[1] 1{Zn:jmj$n} (1.9)
=1 =\ J =

Proof. This can be established directly by

exploiting cancellation of the form

[ml, . :
¢c; " /c;=1/(c; —m;)! when c; =m;, which

occurs between the ingredients in Cauchy’s formula
and the falling factorials in the moments. Write

m =ijj . Then, with the first sum indexed by
c=(c,...c,) €] and the last sum indexed by
=(d,,...,d )el"
d; =c; —m;, we have

via the correspondence

E(ll[ (Cfn))[mj]] :ZP[C(n) ZC] ﬁ(cj)[mj]
n [m]
SR R

cejzm; forall j j=1 =1

A pgaea

This last sum simplifies to the indicator 1(m <n),
corresponding to the fact that if N—m >0, then
dj =0 for j >N—m, and a random permutation

in S,, must have some cycle structure
(d;,...,d, ,,) . The moments of C}”) follow
immediately as

E(CI") = j"1{jr<n} (1.2)

We note for future reference that (1.4) can also be
written in the form

E(lﬂ[(cfn))[m]]—E[ﬁzgmjl]l{ijmj sn}, L.3)

j=1

Where the Z j are independent Poisson-distribution

random variables that satisfy E(Z;) =1/ ]

The marginal distribution of cycle counts provides
a formula for the joint distribution of the cycle

counts C;‘, we find the distribution of C;‘ using a

combinatorial — approach
inclusion-exclusion formula.

combined with the

Lemma 1.8. For 1< j<n,
7k [n/j]-k

PIC =Kl= 7 2 (Y J“ @D

Proof. ConS|der the set | of all possible cycles
of length j, formed with elements chosen from

{L2,...n}, so that ||

consider the “property” G, of having ¢; that is,

=n | For each ax €1,

G, is the set of permutations 77 € S, such that &
is one of the cycles of 7. We then have
|Ga| =(n—J)!, since the elements of {l, 2,..., n}
not in & must be permuted among themselves. To
use the inclusion-exclusion formula we need to
calculate the term S, which is the sum of the

probabilities of the I -fold intersection of
properties, summing over all sets of I distinct
properties. There are two cases to consider. If the I
properties are indexed by I cycles having no
elements in common, then the intersection specifies
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how rj elements are moved by the permutation,
and there are (N—rj)!1(rj <n) permutations in

the intersection. There are N /(jr!) such
intersections. For the other case, some two distinct
properties name some element in common, so no
permutation can have both these properties, and the
I -fold intersection is empty. Thus
S, =(—r)!(rj <n)

n[rj]

NI BT PP
j'rin! jr!

Finally, the inclusion-exclusion series for the
number of permutations having exactly k
properties is

() (“'}

WhICh simplifies to (1.1) Returning to the original
hat-check problem, we substitute j=1 in (1.1) to
obtain the distribution of the number of fixed points

of a random permutation. For kK =0,1,...,Nn
158yl 1.2)
A< " '

and the moments of C{" follow from (1.2) with

PLCI” = K] =

j=1. In particular, for N>2, the mean and
variance of Cl(”) are both equal to 1. The joint

distribution of (C\™,...,C{™) for any 1<b<n

has an expression similar to (1.7); this too can be
derived by inclusion-exclusion. For any

c=(c,,....c,) €08 with m=>"ic;,
P[(C™,...C{")=c]

2 5 i o

The joint moments of the first b counts
C”,...,C{™ can be obtained directly from (1.2)

and (1.3) by setting m, , =...=m_ =0

The limit distribution of cycle counts
It follows immediately from Lemma 1.2 that for

each fixed J, as n — oo,
P
PIC™ =k] >4 e, k=012,
! k!
So that CJ(”) converges in distribution to a random

variable Zj having a Poisson distribution with

mean 1/ J; we use the notation Cf”) —>4 Z;

where Z; [1 B,(1/ j) to describe this. Infact, the
limit random variables are independent.

Theorem 1.6 The process of cycle counts
converges in distribution to a Poisson process of []
with intensity j . That is, as N —> oo,
Cc”,ciM,.) >, (2,,Z,,..) 1.2

Where the Z;,j=12,.., are independent

Poisson-distributed random  variables  with
1

E(Zj):T

Proof. To establish the converges in distribution
one shows that for each fixed b >1, as N —> oo,

P[(Cl(”),...,Cé”)) =c] - P[(Z,,....Z,) =]
Error rates

The proof of Theorem says nothing about the rate of
convergence. Elementary analysis can be used to
estimate this rate when b =1. Using properties of

alternating series with decreasing terms, for

k=0,1...,n

2 1 ™ _ 1 1_ B
kJm mﬁ,(mk+apﬂmq =k]-P[Z, =k]
< 1

Ki(n—k +1)!

It follows that

2n+1 n 1
<>'|P[C =k]-P[Z, =k < 1.11
(n+)'n+2 Z‘[ P ]‘ n+1! I
Since
-1
PlZ, >nl=— @+t L !

n 2 T ey ) S et

We see from (1.11) that the total variation distance
between the distribution L(C™) of C" and the

distribution L(Z,) of Z,

Establish the asymptotics of P[AM(C(”))J under
conditions (A,) and (B,,), where

(C(n))_ m ﬂ {C(n) - }

I<isn f+i<j<r,
and ¢, = (1 /1,)-1=0("7) as i —>oo, for

some g' > 0. We start with the expression
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PI.-l-Om (Z) = n]
l:)[TOm (Z) = n]

0
I1 {1—E(1+ Eio)} (1.1)

I<i<n
L +1<j<r,

PI.-rOn (Z) = n]
= @exp {Z[Iog(l+ i0d) —i l6’d]}

i~1

PLA,(C")]=

{1+O(n7 ¢{1,2,7} (n))} 2.2)
and

P[T,,(Z) =n]
:%exp{Z[log(u iled)—rled]}

f1+07p,, ()} @I

Where gp{llvm} (n) refers to the quantity derived
fom Z . It thus follows that
P[A (C™)]0 Kn™®® for a constant K ,

depending on Z and the r and computable

I
explicitly from (1.1) — (L.3), if Conditions (A,) and
(By,) are satisfied and if g’i*:O(i’g') from
some g'>0 since, under these circumstances,

both N~ (/)127 (n) and

zero as N — oo. In particular, for polynomials and
square free polynomials, the relative error in this

n_l(/){l’z]} (n) tend to

asymptotic approximation is of order n* oif
g >1

For 0<b<n/8 and n=n,, with N,
dry (L(CIL, b]), L(Z[1, b))

<d,, (L(E:[l, b]), L(E[l, b]))
gg” (n,b),
(b)) =0(b/n)

(AO),(Dl) and (B,;) Since, by the Conditioning
Relation,

0 0
L(CILb]| Ty, (C) =1) = L(Z[L b] Ty, (2) =1),
It follows by direct calculation that

Where 8 under Conditions

d., (L(CILb]), L(Z[Lb]))
= dTV (L(TOb (C)) L(TOb (Z )))
=max > P[Ty,(Z) =7]

r]} (1.4)

{1_ P[T,, (Z)=n~
PD—On (Z) = n]

Suppressing the argument Z from now on, we thus

obtain

dr, (L(CIL B]), L(Z[L, b]))
- B B P[T, =n—r]
_z Pllor =11 {l P[To, =n] }Jr

r=0

[n/2] P[T — r]
< P[T, =r]+ > 2
rgz X ; PI.Tob — n]

X{Zn: P[TOb = S](P[Tbn =n _S]_ I:)[Tbn =n- r]}

+

[n/2]

< Z P[To, —I‘]+Z P[Ty, =]

r>n/2

[(n/2] P[T,, =n—s]-P[T,, =n—-r]
%2, Pl - PIT,y =1 }
Jff PIT,, =1 3 PIT =sIP[T,, =n-s]/ P[T,,

s=[n/2]+1

The first sum is at most 2n‘ET,, ; the third is
bound by

(max P[Ty, =s])/P[Ty, =n]

n/2<s<n
€1050)) (n/2 b)  3n
- n oP,[0,1]’
3n _2 [n/2] [n/2]
9 1
<12¢{*10A8}(n) Bl
3 6P,[01] n

Hence we may take

64105 (N)

—2n! (108}

B ET‘“"Z){“ om0 }P
6

oppgoeem /2D W)
6 H

Required order under Conditions (A,),(D,) and
(By), if S(o0) <oo. If not, ¢108( ) can be
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replaced by ¢1011 (n)in the above, which has the

required order, without the restriction on the I
implied by S(o0) < oo . Examining the Conditions
(A)),(D,) and (B,,), it is perhaps surprising to
find that (B,,) is required instead of just (By,);

that is, that we should need »" ls, =O(i™)

to hold for some &, >1. A first observation is that a

similar problem arises with the rate of decay of &;

[
as well. For this reason, N, is replaced by Nny. This

makes it possible to replace condition (A) by the
weaker pair of conditions (A;) and (D,) in the
(n b) to be

of order O(b/n); the decay rate reqwrement of

eventual assumptions needed for 6‘

order i™"7 is shifted from &, itself to its first

difference. This is needed to obtain the right
approximation error for the random mappings
example. However, since all the classical
applications make far more stringent assumptions

about the &,,1 =2, than are made in (B,). The

critical point of the proof is seen where the initial
estimate of the difference

PT™ =s]-P[T™ =s+1] . The factor

€019} (n), which should be small, contains a far

tail element from nl of the form ¢’ (n) +u; (n),
which is only small if & >1, being otherwise of
order O(N"™) for any & >0, since a, >1 is
in any case assumed. For S=>N/ 2, this gives rise

to a contribution of order O(N™"®"%) in the
estimate of the difference

P[T,, =s]-P[T,, =s+1], which, in the
remainder of the proof, is translated into a
contribution of order O(tn™""*°) for differences

of the form P[T,, =s]—P[T,, =s+1], finally

+0
for any
6>0in 8{7_7}(n,b). Some improvement would

leading to a contribution of order bn™

seem to be possible, defining the function g by
gw) =1, -1

{w=s+t}?
the form P[T,, =S]-P[T,,=S+t] can be
directly estimated, at a cost of only a single
contribution of the form @’ (n)-+u.(n). Then,

differences that are of

iterating the cycle, in which one estimate of a
difference in point probabilities is improved to an
estimate of smaller order, a bound of the form

|P[T,, =s]—P[T,, =s+t] =O(n’t+n""**)
for any & > 0 could perhaps be attained, leading to
a final error estimate in order O(bn™ +n"%*%)

for any 5> 0, to replace &, (n b). This would

be of the ideal order O(b/ n) for large enough b,
but would still be coarser for small b.

With b and n as in the previous section, we wish to
show that

d., (L(C[1,b]), L(Z[1,b])) —%(n +1)7*" ‘1— 9‘ E ‘TOb - ETOb‘

<g,q(.),

(n b) =O(n"b[nb +n#2*°]) for
any &>0 under Conditions (A),(D,) and

(By,), with f3,, . The proof uses sharper estimates.
As before, we begin with the formula

dyy (L(CIL]), L(Z[1,b]))

~ Y PIT,, - r]{l——P”b” = ”‘”}

Where 8

r>0 I:)[TOn N n]
Now we observe that

_ )y PO =n-r]| K¥P[T,=r]
gpﬁ"b‘r]{l PIT,. =1l } DI

n

Z PI.—I-Ob = S](PI.—I-bn =n- S]_ I:>I.—I-bn =Nn- r])

s=[n/2]+1
<4n2ET2 +( max P[T,, =s])/ P[T,, =n]
g, >0/ 2]

X

€i10502 (n /2,b)
HPa[O,l]

<8n? ETOf) , (1.1)

We have
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[n/2] PI.—I-Ob = r]
| Z PI.—I-On = n]
r=0

S

{ZZ PlTob = S](Prrbn = n—S]— Prrbn =n- r]}

'—'O

[n/2 _ _
—{ Prr0b=s]wprr0n=n]}) |
0 n+1 .
< —n P =n] ; P[Ty, = r]; P[Ty, = S]|S— I‘|
% {1020 (00) +2(r v $) 1007 (Ko + Agi ()]}
6

<  _ET.¢
onp,[0,1] ~ *"Ho

+4lL- 0|0 ETS {Ko0+ 40, ()]

3
9nPg[0,1]) f

(n,b)

( €2

The approximation in (1.2) is further simplified by

noting that

[n/2] [n/2] s—r)(1-9
ZP[TOb:r]{ZP[TOb_ ]( )( )}
r=0 s=0 n +1 +

_ 4(s=-nN@a-9
_{SZ_;‘P[TOb_S]—n 1 }+ |

ey (s-rp-6
<ZPlT0b—f]ZPFo—] )‘ ‘

s>[n/2]
<[L-6|nE(T,, {T0b>n/2})s2\1—9\ nETE, @3

and then by observing that

Z P[Te, = r]{z P[Ty, = S]w}

r>[n/2] >0 1
<1~ 6|(ETy,P[Ty, > n/ 2]+ E(T,,1{T,, > n/2}))

<4[1-6|nETS 1.4)

Combining the contributions of (1.2) —(1.3), we thus
find tha

| dyy (L(CILb), LZILb])

~(n+1) ™) PITy, = f]{z P[Ty, =sI(s—n)(1- 6’)} |

r>0 s>0
<, (n,b)
3

-1
- m{g{m(z)} (N/2,0)+ 20 ETy,¢,0,, (0,0)}

24[1-
+2nPET2 {4+31- 0|+ — 287
6P,[0,1]

The quantity &, (n b) is seen to be of the order

claimed under Conditions (A,),(D,) and (B,,) ,
provided that S(o0) <oo; this supplementary

condition can be removed if ¢108 (n) is replaced
(n b) , has

the required order without the restriction on the I;

by ¢1011 (n) in the definition of &y

implied by assuming that S(o0) <oo. Finally, a
direct calculation now shows that

Z P[Ty, =r1 {Z P[To, =sl(s—r)d- 9)}

r>0 $>0

:E|1—0|E|T0b — ETy|

Example 1.0. Consider  the  point

O =(0,...,0)e " For an arbitrary vector I, the

coordinates of the point X =0 +r are equal to the
respective coordinates of the vector
rix=(x,.x") and r=(x,..,x") . The
vector r such as in the example is called the position
vector or the radius vector of the point X . (Or, in
greater detail: I' is the radius-vector of X w.r.t an
origin O). Points are frequently specified by their

radius-vectors. This presupposes the choice of O as
the “standard origin”. Let us summarize. We have

considered [] " and interpreted its elements in two
ways: as points and as vectors. Hence we may say

that we leading with the two copies of [J ".Q0"=

{points}, [ "= {vectors}
Operations with vectors: multiplication by a
number, addition. Operations with points and

vectors: adding a vector to a point (giving a point),

subtracting two points (giving a vector). [] " treated
in this way is called an n-dimensional affine space.
(An “abstract” affine space is a pair of sets , the set
of points and the set of vectors so that the operations
as above are defined axiomatically). Notice that
vectors in an affine space are also known as “free
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vectors”. Intuitively, they are not fixed at points and

“float freely” in space. From [] " considered as an
affine space we can precede in two opposite

directions: [J " as an Euclidean space <= [] "as an

affine space = [ " as a manifold.Going to the left
means introducing some extra structure which will
make the geometry richer. Going to the right means
forgetting about part of the affine structure; going
further in this direction will lead us to the so-called
“smooth (or differentiable) manifolds”. The theory
of differential forms does not require any extra
geometry. So our natural direction is to the right.
The Euclidean structure, however, is useful for
examples and applications. So let us say a few
words about it:

Remark 1.0. Euclidean geometry. In "
considered as an affine space we can already do a
good deal of geometry. For example, we can
consider lines and planes, and quadric surfaces like
an ellipsoid. However, we cannot discuss such
things as “lengths”, “angles” or ‘“areas” and
“volumes”. To be able to do so, we have to

introduce some more definitions, making (1" a
Euclidean space. Namely, we define the length of a

vector a = (a',...,a") tobe

la]:=/(@l)? +...+ (a")? )
After that we can also define distances between
points as follows:

d(A B) :=\ﬁ\ (2)

One can check that the distance so defined possesses
natural properties that we expect: is it always non-
negative and equals zero only for coinciding points;
the distance from A to B is the same as that from B
to A (symmetry); also, for three points, A, B and C,
we have d(A B)<d(AC)+d(C,B) (the
“triangle inequality”’). To define angles, we first
introduce the scalar product of two vectors

(a,b):=a'b" +...+a"o" (3)

Thus |a|:1}(a,a) . The scalar product is also

denote by dot: ab=(a,b), and hence is often
referred to as the “dot product” . Now, for nonzero
vectors, we define the angle between them by the
equality

(a,b)

cosq i=——- 4)
[al[b]

The angle itself is defined up to an integral
multiple of 2,z . For this definition to be consistent
we have to ensure that the r.h.s. of (4) does not
exceed 1 by the absolute value. This follows from
the inequality

2 2 2
(a,b)> <[a[|b| (5)
known as the Cauchy-—Bunyakovsky—Schwarz
inequality (various combinations of these three

names are applied in different books). One of the
ways of proving (5) is to consider the scalar square

of the linear combination a+1th, where t e R . As
(a+th,a+th) >0 is a quadratic polynomial in t

which is never negative, its discriminant must be
less or equal zero. Writing this explicitly yields (5).
The triangle inequality for distances also follows
from the inequality (5).

Example 1.1, Consider the function f(X) =X’

(the i-th coordinate). The linear function dx’ (the
differential of X' ) applied to an arbitrary vector h
is simply h'.From these examples follows that we
can rewrite df as

of of
df == dx* +...+—dx", ®

OX OX
which is the standard form. Once again: the partial
derivatives in (1) are just the coefficients (depending

on X); Xm,dXZ,... are linear functions giving on

an arbitrary vector h its coordinates hl,hz,...,
respectively. Hence

of
df (X)(h) =0y 9 = - 3 h'+
of

+ h", 2
e (2

Theorem 1.7. Suppose we have a parametrized
curve t+> X(t) passing through x,e(]" at

t =1, and with the velocity vector X(t,) =0 Then

W@)):auf(wdf (%))

Proof. Indeed, consider a small increment of the
parameter t:t, = t, + At , Where At 0. On
the other hand, we have
f (%, +h)—f(x,)=df (x,)(h) +,B(h)|h| for
an arbitrary vector h , where S(h) —0 when

h — 0 . Combining it together, for the increment
of f(x(t)) we obtain
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f(x(t, + At) - f(x,)

=df (X,)(v.At + a(At)At)
+B(0.At+ a(At)At).[At + ar(At) At
= df (x,)().At + y(At)At

For a certain 7(At) such that y(At) — O when

At — 0 (we used the linearity of df (X,) ). By the
definition, this means that the derivative of
f(x(t)) at t=t, is exactly df (x,)(v) . The
statement of the theorem can be expressed by a
simple formula:
df (x(t of of

( ())=—1x1+...+ — X" 2
dt OX OX

To calculate the value Of df at a point X, on a
given vector v one can take an arbitrary curve
passing Through X, at t, with v as the velocity

vector at t; and calculate the usual derivative of
f(X(t)) at t =t,.

Theorem 1.8. For functions f,g:U —I[] |
UciO",

d(f +g)=df +dg @)

d(fg) =df.g+ f.dg (2)

Proof. Consider an arbitrary point X, and an
arbitrary vector v stretching from it. Let a curve
X(t) be such that X(t,) =X, and X(t,) =v.
Hence

d(f +9)(x)(v) = % (f (x(©) +9(x(1))

at t =1, and

d(fg)(%,)(v) =%(f (x@®)9(x(®)))

at t=t, Formulae (1) and (2) then immediately

follow from the corresponding formulae for the
usual derivative Now, almost without change the
theory generalizes to functions taking values in

[]™ instead of [] . The only difference is that now
the differential of a map F:U — [ ™ at a point
X will be a linear function taking vectors in [1 " to
vectors in [] ™ (instead of [J ) . For an arbitrary
vector helJ",

F(x+h) =F(x)+dF(x)(h)

+A(h)|h| ©)
Where f(h) >0 when h—>0. We have
dF =(dF',...,dF™) and

0 oF

dF = axt 4.+ O e
OX OX
oF!  oF!
o |
=| o (4)
oF™ oF™ || dx"
oxt T ox"

In this matrix notation we have to write vectors as
vector-columns.

Theorem 1.9. For an arbitrary parametrized curve
X(t) in 0", the differential of a map

F:U—>0" (where U =0") maps the velocity
vector X(t) to the velocity vector of the curve

F(x(@) in0™:

W = dF (x(t))(x(1)) @

Proof. By the definition of the velocity vector,
X(t + At) = X(t) + X(t).At + (At) At

Where a(At) >0 when At—>0 . By the
definition of the differential,

F(x+h) =F(x)+dF(x)(h)+ B(h)|h 3)|
Where £(h) — 0 when h — 0. we obtain

F(X(t+ At)) = F(x+ X(t).At + o (At)At)

= F(x) + dF (X)(X(t) At + cr(At) At) +

B(X()At + a(At)AL).

X(t)At +'a(At)At‘

= F(x)+dF (X)(x(t) At + y(At) At

For some 7(At)—>0 when At—0 . This

precisely means that dF (X) X(t) is the velocity
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vector of F(X). As every vector attached to a point

can be viewed as the velocity vector of some curve
passing through this point, this theorem gives a clear

geometric picture of dF as a linear map on vectors.

Theorem 1.10 Suppose we have two maps
F:U->V and G:V ->W, where
UclO"VclO™W <P (open domains). Let
F:xt+>y=F(X). Then the differential of the

composite map GoF :U —W is the composition
of the differentials of F and G :
d(GoF)(x) =dG(y)odF(x) 4)

Proof. We can use the description of the
differential .Consider a curve X(t) in [ " with the

velocity vector X. Basically, we need to know to
which vector in [1 P it is taken by d(GoOF). the
curve (GOF)(x(t) =G(F(x(t)) . By the same
theorem, it equals the image under dG of the

Anycast Flow vector to the curve F(X(t)) in 0 ™.
Applying the theorem once again, we see that the
velocity vector to the curve F(X(t))is the image
under dF of the vector X(t) Hence
d(GoF)(x) =dG(dF(x))  for an arbitrary

vector X .

Corollary 1.0.  If we denote coordinates in [ " by
(x4....x") andin 0 ™oy (y',...., y™) , and write
dF :a—Fldx1+...+£dx” )
OX ox"
dG=a_Gldy1+...+aGn dy", (2)
oy oy

Then the chain rule can be expressed as follows:
oG . oG ,_n

d(GoF)=—dF +..+ drF", (3
oy

m

Where dF ' are taken from (1). In other words, to
get d(GOF) we have to substitute into (2) the

expression for dy' =dF' from (3). This can also
be expressed by the following matrix formula:

oG oG [ oF! oF!

oyt oy || ot x| dxt

. e 4
8GP oGP || oF™ oF™ |( dx"

oyt Toy" JLaxt T ox"

d(GoF) =

i.e., if dG and dF are expressed by matrices of
partial derivatives, then d(GOF) is expressed by

the product of these matrices. This is often written
as

et ot (o2 o
o x| |y oy
oz ozf oz" oz°
ox'ox") oyt oy"

2, Wo's
oxt T ox"
...... , )
¥y oy
oxt T ox"
Or
oz" & oz" oy
8 a = i aya’ (6)
X* T 0y oOX

Where it is assumed that the dependence of
yell™ on xell" is given by the map F , the
dependence of Z<[1 P on yell™ is given by the

map G, and the dependence of ze<[l” on

xel"is given by the composition GOF .

Definition 1.6. Consider an open domain U < [ "
. Consider also another copy of [J ", denoted for

distinction []" with the standard coordinates

y L
(yl...y”). A system of coordinates in the open
domain U is given by a map F:V —U, where
Vcl r;, is an open domain of [] r; such that the

following three conditions are satisfied :
(1) F issmooth;
(2) F isinvertible;
@) F':U >V isalso smooth

The coordinates of a point X €U in this system are
the standard coordinates of F*(X) €[] y
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In other words,

Fo(yho, y) = x=x(y"..,y") ()]

Here the variables (yl...,y”) are the ‘“new”
coordinates of the point X

Example 1.2.  Consider a curve in [ 2 specified
in polar coordinates as
X(t):r=r(t),p=0(t) @

We can simply use the chain rule. The map

t > X(t) can be considered as the composition of

the maps t> (r(t),p(t)),(r,p) — x(r, ) .

Then, by the chain rule, we have

X:%:Q£+%d_¢:%r+%¢ (2)
dt ordt dpdt or ¢

Here I and (0 are scalar coefficients depending on
ialMlerivati 8y oX
t, whence the partial derivatives ar A(P are

vectors depending on point in [] 2 We can compare
this with the formula in the “standard” coordinates:

X =€ X+ €, y Consider  the  vectors
a%r ’a%go' Explicitly we have

L (cos,sin @) (3)

or

%:(—rsin @, 1 COS Q) (4)

op

From where it follows that these vectors make a
basis at all points except for the origin (where

r =0). Itis instructive to sketch a picture, drawing
vectors corresponding to a point as starting from

: : 8y oX
that point. Notice that or' Jop are,
respectively, the velocity vectors for the curves

r— x(r,p) (¢ =g, fixed) and
@ X(r,@) (r=r, fixed) . We can conclude
that for an arbitrary curve given in polar coordinates

the velocity vector will have components (r(p) if
- — OX — OX/ -
as a basis we take €, : ér €, A(ﬂ'

X=e r+e, o (5)
A characteristic feature of the basis €,,€, is that it

is not “constant” but depends on point. Vectors
“stuck to points” when we consider curvilinear
coordinates.

Proposition 1.3. The velocity vector has the same
appearance in all coordinate systems.
Proof. Follows directly from the chain rule and

the transformation law for the basis €; .In particular,
the elements of the basis €, = a%xi (originally, a

formal notation) can be understood directly as the
velocity vectors of the coordinate lines

X'+ x(x',...,x")  (all coordinates but X' are

fixed). Since we now know how to handle velocities
in arbitrary coordinates, the best way to treat the

differential of amap F :[J " —[1™ is by its action
on the velocity vectors. By definition, we set

a0 XV ) o)

Now dF(X,) is a linear map that takes vectors
attached to a point X, €[] " to vectors attached to

the point F(x) e[ ™

dF = axt 4.+ O e
X ox"

X
OF' oF!
ot Taxt |[ dx
(&) e, I, (2)
oF™  oF™ || dx"
oxt T ox"

In particular, for the differential of a function we
always have

df =ﬁldx1+...+indx”, (3)
OX OX

Where X' are arbitrary coordinates. The form of the
differential does not change when we perform a
change of coordinates.

Example 1.3 Consider a 1-form in [J 2 given in
the standard coordinates:

A=—ydx+ Xdy In the polar coordinates we will
have X =rCOS¢, Y =rSin @, hence

dx =cosedr —rsinede

dy =sin @dr +r cos pd ¢

Substituting into A, we get
A =—rsin@(cosedr —rsin pde)

+r cos @(sin dr + r cos pd @)
=r?(sin® p+cos’ p)dp =r’de
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Hence A=r’de is the formula for A in the

polar coordinates. In particular, we see that this is
again a 1-form, a linear combination of the
differentials of coordinates with functions as
coefficients. Secondly, in a more conceptual way,

we can define a 1-form in a domain U as a linear
function on wvectors at every point of U

o) = +..+o0", @

— i —0X
If o= Zeiu , Where €, = aéxi . Recall that the
differentials of functions were defined as linear
functions on vectors (at every point), and

dx' (e;) = dx (ﬁ] =4 (2) at
GXJ J

every point X.

Theorem 1.9.

¥, the integral J.a) does not change if we change

/4
parametrization of » provide the orientation

remains the same.

For arbitrary 1-form @ and path

Proof:  Consider <w(X(t)),%> and

<a)(x(t(t'))),%> As

dx> dt
dt / dt’

: dx .
[t »)E>=‘<w(x(t(t &
Let p be a rational prime and let K =01 (¢)).
We write ¢ for &, or this section. Recall that K

has degree @(p)= pP—1 over [J. We wish to
show that O, =[] [QV] Note that ¢ is a root of

xP —1, and thus is an algebraic integer; since Oy

is a ring we have that [] [é’]gOK. We give a

proof without assuming unique factorization of
ideals. We begin with some norm and trace
computations. Let j be an integer. If | is not

divisible by p, then é’j is a primitive pth root of

unity, and thus its conjugates are é’,é’z,...,é’p_l.
Therefore

Then (N=¢+&+. 4+ =0 (H)-1=-1

If p does divide j, then £’ =1, so it has only
the one conjugate 1, and Tr, ({')=p-1By
linearity of the trace, we find that

Tr,, A-¢&)=Tr,, 1-¢%)=..

-1
:TrK/r (1_443 ): p
We also need to compute the norm of 1—-¢ . For
this, we use the factorization

XPLexP? 4 4+1=0 ()

=(X=O)(x=¢*).(x=¢");
Plugging in X =1 shows that
p=01-A-¢%)..0-¢")
Since the (1—¢) are the conjugates of (1—¢),
this shows that N, ,, (1-¢) = p The key result

for determining the ring of integers Oy is the
following.

LEMMA 1.9
(1-2)0, NI = pJ
Proof. We saw above that p is a multiple of
@-¢) in Oy, so the
(1-2)O U o pl is immediate.  Suppose
now that the inclusion is strict. Since
(1-&)O, N[ is an ideal of [] containing pCl
and pUl is a maximal ideal of [1 , we must have
(1-4)O, N =0 Thus we can write
1=a(l-9)

For some « € O,. Thatis, 1—¢ isaunitin O,.

inclusion

COROLLARY 1.1 For any a€Q,,

Tre, (A-<4)a) e pl]
PROOF. We have

Th (A=Q)a) =0, (A-E)a) +..+ 0, (1-C)a)
=0,(1=-Q)ay(@)+..+0,,(1-5)o, ()
=(1=Qa(@)+..+(1-¢" oy, (@)

Where the o; are the complex embeddings of K
(which we are really viewing as automorphisms of
K ) with the usual ordering. Furthermore, 1— ¢’
is a multiple of 1—¢ in O, for every j=0.

Thus
Tr, (@(1-4)) € -4)O, Since the trace is

also a rational integer.
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PROPOSITION 1.4 Let p be a prime number and
let K =[[1 () bethe p" cyclotomic field. Then
O =U[¢,1=0[x]/ (D@ ,(x)); Thus
L& e Q’S’Z is an integral basis for O, .
PROOF. Let a €O, andwrite

-2
a=a+a¢+..+a,,¢"
Then

with @ ell.

all-¢)=a,1-¢)+a(f~¢%) +..
+ap—2 (é, P2 _é/pil)
By the linearity of the trace and our above
calculations we find that Tr, . (¢(1-<)) = pa,
We also have
Tr, (@¢(1-¢)) e pll,so a, €[l Next consider
the algebraic integer
(@—3,) " =+, +...+a, ,¢ " This is
an algebraic integer since ¢ " =¢ " is. The same
argument as above shows that a, €], and
continuing in this way we find that all of the @; are
in [] . This completes the proof.

Let K =[] , then the local ring
U (py 18 simply the subring of [ of rational

Example 1.4

numbers with denominator relatively prime to p .
Note that this ring [l ., is not the ring [1 jof p -
adic integers; to get [1 jone must complete LI .

The usefulness of Oy ; comes from the fact that it

has a particularly simple ideal structure. Let a be
any proper ideal of OK'p and consider the ideal

anO, of Oy. We claim that
a=(@n0,)O ,; Thatis, that a is generated
by the elements of & in @M O,. It is clear from

the definition of an ideal that a © (@ MO, )Oy -

To prove the other inclusion, let & be any element
of @ . Then we can writt o= //y where

PO, and ¥ & p. In particular, S ea (since
Plyea and a is an ideal), so €O, and
y&p.so feanOy. Since 1/y €0, ,, this
implies that a=p8/ye(@n0,)0, ,, as

claimed.We can use this fact to determine all of the
ideals of O, ,. Let a be any ideal of O, , and

consider the ideal factorization of aM O, in O,.

write it as aNO, = p"b For some n and some
ideal b, relatively prime to p. we claim first that
bOy , = O ,- We now find that

a:(amOK)OK,p = pnbOK,p = pnOK,p
Since bO, ,. Thus every ideal of O, , has the
form p"O, , for some n; it follows immediately
that O, , is noetherian. It is also now clear that
p"OKp is the unique non-zero prime ideal in OK'p
. Furthermore, the inclusion Oy > O, , / pOy ,
Since  pOy , MO, =p, this map is also
surjection, since the residue class of  / 8 €O,
(with ¢ € O, and B ¢ p) is the image of aF "
in Oy, ,, which makes sense since /3 is invertible

in Oy,,. Thus the map is an isomorphism. In
particular, it is now abundantly clear that every non-
zero prime ideal of O, , is maximal. To

show that O, , is a Dedekind domain, it remains to

show that it is integrally closed in K . So let
y € K be a root of a polynomial with coefficients

in OK,p; write  this  polynomial as
a _ Q "
X" 4oLyt 4+ 20 with o, €O, and
m-1 0

B € Oy_,. Set =Ly f...0, 1 Multiplying by
S" we find that By is the root of a monic
polynomial with coefficients in O,. Thus
p&p, we  have
Byl p=yeO,. Thus Oy jis integrally close
in K.

Pr€O,; since

COROLLARY 1.2. Let K be a number field of
degree n and let « be in O, then

Ny, (@O ) =‘NK/] (a)‘

PROOF. We assume a bit more Galois theory than
usual for this proof. Assume first that K /[ is

Galois. Let o be an element of Gal(K /[1). Itis
c(0y)/o(a)=0,,,; since
c(0y)=0,, this shows that
Ny, (6(2)Oc)=N,, (¢O) . Taking the
product over all oeGal(K/[J), we have

clear that
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Ny (N (@)0O) =N, (eO,)" Since
N, (@) is arational integer and O, is a free[]
-module of rank n,

O, / Ny, (2)O Will have order N, (e)";
therefore

Ny (Ngp (@)O4) =Ny (¢O)"
This completes the proof. In the general case, let L
be the Galois closure of K andset [L: K]=m.

D. Feature Extraction: Preprocessing EMG
Signals

The EMG signals detected by the
electrodes are absolute value which is proportional
to the muscle contraction level. When the operator’s
arm is relaxed, the signals’ value is nearly zero and
changes in the range of 0.01 V. The signals will be
sampled by the A/D converter and the sampling
frequency of each channel is 2000 Hz.

E. Feature Extraction: Processing EMG Signals

To recognize the beginning of the
operator’s motions, an upping-edge threshold is
specified. When the change of EMG signals
between 50 milliseconds exceed the prespecified
motion-appearance threshold, the motion is regarded
as having been initiated. And then signals in the
next 200 milliseconds will be sampled as the motion
input vector for processing. In order to overcome the
unstable problem, the threshold can not be very
small. However, if it is too big, the detecting
sensitivity will decrease and valid signals may be
lost. So, the threshold value is determined based on
the maximum amplitude of the EMG signals. The
upping-edge threshold value is specified by the
following formulas:
Threshold value = Maximum EMG value 0.1

The sampled raw EMG signals can be
represented in various forms or parameters by using
different signal processing methods. The algorithms
used in this paper are AR parametric model, wavelet
transform and integral of EMG signals which will
be described below. Integral of EMG is an
estimation of the summation of absolute values of
the EMG signals [14]. It can be used as the motor
speed control signal for the driven finger. For the
2000 Hz sampling frequency and the 200 ms
sampling time, N is equal to 400. AR parametric
model is a kind of linear prediction. In a short time
period, the EMG signals can be regarded as a
stationary Gaussian process and can be represented
by an AR model. The benefits of the AR parametric
model are that the EMG signals can be represented
by model parameters without the original waveform
data. Hence, the amount of data can be enormously
reduced and the specific features of signals can be

reinforced. An° AR model is defined by where
EMG(n) is the nth output of AR model and
EMG(nK) is the (n-k)th sampling data of N samples
of EMG raw data. Ak (k =1, 2,..., P) is the AR
model parameter and e(n) is the white noise signal.
P is the order of AR model. The previous research
[7] has shown that a fourth-order AR model is
adequate for AR time series modeling of EMG
signal, so an AR model contains four feature
components. For three electrodes, one motion
feature vector which contains twelve AR parameters
can be acquired. The motion feature vector will be
used in feature classification stage. Wavelet
transform is a powerful time-frequency method for
non-stationary signal analysis. It can decompose
signals into different scales and provide more
information in time and frequency domain, thus
emphasis the differences among signals and help to
improve the classification accuracy. Wavelet
transform is considered to be superior to FFT in
getting multi-resolution analysis. Discrete wavelet
transform with Mallat algorithm [23] is used to
decompose a signal at various resolutions [24].
According to Englehart [25], Coiflet 4 shows better
property in analyzing EMG signals, and in this
paper we also take such wavelet. Four levels’
decomposition of the signal was performed using
algorithm. cAn (n = 1, 2, 3, 4) is low-frequency
components of the signals, often called
approximations. c¢Dn is the high-frequency
components, called details. At each level, we
retained only one parameter from cDn according to
the method of singular value decomposition (SVD)
which can compress cDn to one feature vector. Thus
from 3-channel surface electrode signals of each
motion, 12 parameters were extracted, which will be
used in feature classification stage, too.

F. Feature Classification

For discriminating the EMG patterns
among feature vectors, a three-layer feedforward
neural network is applied to the EMG features.
Multi-layer neural networks have been successfully
applied to some difficult and nonlinear problems in
diverse domains. BPN were frequently used in
previous research for EMG pattern recognition.
Generally, the speed of training feedforward neural
networks is very slow, especially for the common
back propagation learning algorithm. There is
considerable research on methods to accelerate the
convergence of the algorithm. The research can be
roughly divided into two categories. The first
category involves the development of ad hoc
techniques, such as variable learning rate, using
momentum and rescaling variables. Another
category of research has focused on standard
numerical optimization techniques, such as
conjugate gradient, quasi-Newton methods and
nonlinear least squares. The method used in this
paper is the VLR algorithm. Detailed information
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about this method can be found in Ref. [26]. The
structure of the three-layer feedforward network
applied to EMG pattern recognition is that the
number of nodes for the input layer is 12 (twelve
AR parameters or wavelet parameters), and the
number of nodes for the output layer is 6,
corresponding to three fingers’ flexion/extension
motion. The number of nodes for the hidden layer is
decided by the experiments, not more than 30 units.

G. Hand Motion Control

The motion of the hand is determined and
controlled based on the outputs of neural network,
which indicates the operator’s corresponding
intended motions. It is executed by the motion
determination part. The motion judgment rule is the
maximum value of the output layer will be the
recognition result, corresponding to one finger
motion. The result as control signals will be sent to
the motor controller. Concretely, the output layer of
the network in this paper has 6 nodes, corresponding
to the flexion/extension motion of the thumb, the
index finger and the middle finger. The max value
of the 6 nodes will be the recognition result, so only
one finger motion will be controlled in each time. If
you want to control more fingers, you need to
continuously flex or extend corresponding fingers
respectively, not at the same time. For example,
continuously controlling the flexion motion of the
thumb, the index finger and the middle finger, the
corresponding prosthetic hand finger will move in
sequence, thus we can achieve power grasp. The
time delay between two contiguous motions (or
control signals) is about 300 milliseconds. The
driving speed is controlled proportionally to the
force level. It is calculated as where Vmax is the
maximum speed of the driving motor. The
communication between DSP embedded in the palm
and PC is via serial interface.

IV. EXPERIMENTAL RESULTS

In order to demonstrate the system
performance, we conducted experiments with the
developed prosthetic hand system on one normal
subject who has enough EMG control experience.
We performed experiments to test the speed of the
VLR algorithm BPN. And next, we performed
experiments to compare the recognition capability
of the network, which use different feature vectors
as input vectors. The different feature vectors are 12
AR parameters and 12 wavelet parameters for each
motion. In this experiment, we want to find a better
EMG feature vector for the prosthetic system. In the
last place, we performed experiments to control the
prosthetic hand to achieve more prehensile postures.

A. Effect of Network Learning
In this experiment, a data set is used to test
the training speed of the network using the VLR

algorithm. The data set which comes from the
normal subjects is selected randomly and contains
36 feature vectors (6 feature vectors for each finger
motion). The network has 12 nodes in the input
layers, 25 and 30 nodes in the hidden layers and 6
nodes in the output layers. The error goal of the
network learning is 10-6 (the square sum of the
output errors). For the VLR algorithm, we use 0.5 as
the initial learning rate with 0.96 and 1.02 as the
adjust parameter. The VLR algorithm can easily
converge and the training speed of the VLR
algorithm is very fast.

B. Recognition Capability of the Hand Motions

In this experiment, different feature vectors
are compared for finding a better EMG feature
vector of the prosthetic hand system. The initial
values of the network weights are same for different
feature vectors and the error goal of the network
learning is 10-6. The hand motions, are the thumb
flexion/extension motion (TF/TE), the index finger
flexion/extension motion (IF/IE) and the middle
finger flexion/extension motion (MF/ME). In the
experiment, the normal subject will perform six
motions for 96 times (repeating each motion 16
times, 6 for training, and 10 for testing). In order to
compare two feature extraction methods, the raw
EMG data will be saved and processed by AR
model and wavelet transform. The nodes of hidden
layer are 25 and 30. It should be noticed that the
increasing nodes of hidden layer result in the
decreasing of recognition ability. In this experiment,
wavelet parameter feature vector has better
recognition ability than AR parameter in the 25
nodes hidden layer network. The final result showed
that all the different feature vectors can acquire high
recognition capability. In the mass, the method of
using the wavelet parameter feature vector and VLR
based network (25 nodes in hidden layer) has better
recognition ability.

C. More Prehensile Postures

Depending on the high recognition ability,
we can control the five-fingered underactuated
prosthetic hand to achieve more prehensile postures.
Continuously controlling the flexion motion of the
thumb, the index finger and the middle finger (in
arbitrary sequences), we can achieve power grasp.
Similarly, continuously controlling the flexion
motion of the thumb and the index finger (in
arbitrary sequences), we can achieve fingertip grasp.
Via continuously controlling single finger’s flexion
motion, centralized grip and cylindrical grasp can be
achieved, too. The five-fingered underactuated
prosthetic hand, using automatic shape adaptation
theory and power grasp method to grasp a glass.

V. CONCLUSION
This paper proposed and developed a new
five-fingered underactuated prosthetic hand system
based on the EMG signals. The feature of our

337|Page



Akash K Singh / International Journal of Engineering Research and Applications

(IJERA)

ISSN: 2248-9622

WWW.ijera.com

Vol. 2, Issue 6, November- December 2012, pp.311-339

system is that it uses a VLR based neural network
with AR and wavelet parameter to discriminate the
EMG patterns. We conducted experiments using the
developed system for one normal subject. The
experimental results showed that using wavelet
parameter and VLR based neural network has high
recognition ability and fast learning speed, even for
several samples of each motion. Based on the high
accuracy, the operators can control the prosthetic
hand to achieve more prehensile postures such as
power grasp, centralized grip, fingertip grasp,
cylindrical grasp, etc. In our future research, we
would like to develop a portable system and the
algorithm will be implemented in the DSP which is
embedded in the prosthetic hand palm.
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